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11. WALUATION TSSl~S



the probability of detection, so the operator
w-t balanca these two fmctorn in selecting T.

For a meterial ●omt D!, representing the
total emount to he diverted over path j ●nd ●

epecified number of ●ttempto K ,
bility ?hat th~ diverter ie not d!ete~z tRO~i%
ith instrument on path j is just t:,e probabil-
ity that no measurement exceed Lne ?hreshold T,
i.e., Prob (H] : T, --, ~ ~ T), which iE

~
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where M io the K -vector of memmurementn, W =
(!41, . ...%) ID 8 the K -vector of uniform di-

‘{/Kj), ●nd T ifi the co-v~rsio~ P- ( j/K , . . . .
v.rience m.tr!x 0/ the me;ourements M.

The total prnbabil{tv that the Iy~tehl do~a
not dececc diversion in

R P(ij, Dj, ftj)
i,j

vhare Dj io ,he amount allocated to the jth
path, Kj {a the number of sttmpts ov~r path

j, ●nd ij ran:eo over the number of inatrument~
on ●ach path.

The diverter is ●osumed to know the meas-
urement ●rror variances of ●ach instrument ●nd
the decision ckreeholds so that he cm calculate
th~ probability of detection !or snv diversion
ttratecv. A stretemf, which consi~ts @f nPeci-
fvinR a maLerial ●motmc n! and number of ●t-
tempts ki for ?ach gsth j, is ●n optimal di-
vcreion ~t.stecv if It minimitet the utt?ctien
probability while acraimins ● SOSl auantitv of
matwrial , ?hc prohebilitv of d~t~ctirm awnin~t
the optimal ntraterv im rekon ●s the mea~ure nf
pwfommc~ f~~ th? ponotrctinn ❑onitoring nvs-
tem.

maaimire w P(i{,Dj, Kj)
l)), Kj i,,j (1)

‘UbjectcorjDr “

The solution to thit robl- has be-n found uoinr
dy”Hic pre.rmins~ which iB ●n .ffiCi.nt

mthod of ooarchin~ for tho optim-1 mtrato:v
(Appentfin D), A tmputer pronram h~e baen d@-
veloped tn lmplament the dvnmic probramin~
Oolution of (1)0 The prorram detetminem tho
amount to b~ diverted over ●ach path ●nd the
number of ettempte, ●nd ralculetee the eyttm
probability of dctectin? th{s strntorv.

IV. EXAMPLE

Thio method of ●valuntinu ● penetration
monitv:in~ ~v~tem wan developed to determine the
●ffect of tin;e-correlated ●rrors on aystemo per-
fonxanceo Tht following exempl~ shows thst the
results can be eensitive to tha treacmmt of Ouch
●rror- in modelinu monitoring inotrument~. Con-
aider ● simplif~od faci’itv with just two penc-
trationo, ●ach manitored bv. ● sintle instrument
having fneasuremeut ●rroro ●m given in Tah:e I.
The maximum -umber of diversion attempt? threurh
●ach penetration is alao uiven in the Tabl~ T.

TABLE T

Pene- Tnatrument Frror (Zlrf)
tration Precision Calihraticm

1 6 .%

2 IL n

Mew. }’0.
AtcfmrltQ

>Cl

]n

In eolvinu this prohln to find ch~ #vstmns
detection pro!mbilitv the memeurement •rrer~ for
the instrument ●t pen~tra.ion 1 w~re trratrd in
three diff~rent wave:

10 Uains the correct values, or ■ n.n~,
on ■ C).(I&.

2. Treatin: th~ correlated ●rrnr ●s
correlated ●rror, Uc ■ 0.072, on w O

3. Netlectin~ the correlat~d ●rror,
0,06, on ■ o.

Th@ probability that the avstem dettcto d
is nhown in ?i#. 2 for ●ach of the thret
Theme raoults indicate that ●ither nctlectinp the
correlated ●rror or treatin~ it an ●n uncorre-
Ietcd ●rror can overstate rhe ovatem ammitivitv
to div?reion. lltus, in FiP. 2 the hither proh-
●bilitles of datection for casea h and c do not
reflact an ●ctual performance improvamcnt, but
instead they aro the reaulc of incorrectly mod-
●lin~ the oystem. . In Beneral the oic~ of th~
owrmtstement will incraaoe with the si~e ~of the
correlated ●rror and the numb~r rf di.rroion
●ttempte.
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APPENDIX A

Suppose that for path j the diverter ham N
opportunities to divert material ●nd choosao to
use K of theme. The probability of not bainp
docected by the ithinstrumont on the path j i-

P. (all,. ... dK) -
1

lj (2W)K’?X11’2

T . . T ,.

@ J’J . . . f’J ●-(”-D)@@-%H ‘

where M ia the K-vector of meaeuremente (Ml,
,., ?IK), ~ is the K-vector 01 diverted mounto
(all, . . ..d~). F is the covari~nce matrix of the
maaouremento ●nd Tij in the de,’inion threshold
fnr ●ach measurement.

We want to chow that uniform div~raion over
path j io the optimal divereion etratemv. Fol-
lowinp the proof Civen in R?f. 1, note that ●ach
Pij is 10C concav~, ●nd that ir.terchangfng
~ and dn for any m # n doee not rhgnne th~
value of Pij.

Let p= (d~, . . . . d~) be ● divercion ntrate-
pv that minimiceo the probsbilitv of detection
•~aincc inctrumant i on path j ●nd ohnerve that
interchan~inp ●ny pair d~, d;, d: # d;, will $ive
●nether ninimisjng diversion etratesv q = d?,
.,., ‘4””” G! ““”~ dfl) becau-t the value of Pi!
it unchanped by such a tranmfomation. For ●n$
point r on the line •a~enc connectin~ the points
p ●nd q in K-space, the etrict concavity of lo-

Pi{ implies that the probahilitv of detection
●t” r i- leee than th~ probability of detection
●t p ●nd q. This contradict th~ minimalitv of
che funccion ●t p and q, OCI that we muet hav~
p= q, i.e., ~=d~forl~m, ncK, anduni-
fom div~rcion it optimal.

T@ find the optimal diversion strata$v con-
oiderint all inntrument~ on path j tha diverter
wonts co minim{ge the total prohabilitv of dc-
tectlon

M
w P~j

i-l

or ●quivalent .

M

d], .,,,dK)

y m:nimise

(all, . . ..dK) (A-1 )i loIPij
~m)

Becauce ●ach tern in the mm is concave and hae
# value unchan~ed by interchangin~ any pair

dio dj, the function (A-1) ●loo ha- theee

properties. The optimalitv of uniform fliveroion
over Dath j fo]lows ●xlctlv S- i,$ the proof for
4 eingle instrument.

APPENDIX B

To formulato the diverter Problem ●n ome
that can be solved by dynemic pro~rmmninr let
F(j,dj) be the probability of nondetection on
path j when thd total ●mount d.i is diverted
utinp the optimal number of ●ttcmpts on chmt
path. l’Iofine the function C na

C(j,Dj) ■MAXdj[F(j,dj) ●G(j-l,Dfl-dj)l

C(l,D ) = F(l,Dj)
~

where D~ is the total ●h,ount ●m~ienerl tc t}.~
pmtho 1,’ 2, . . . i. C repr~s?nt~ the nrnhabilitv
of rlondecection for th- psthm 1, 2, . . . +.

The problem is oolved hv aeou~ntiallv dr-
tsminim~ for ●ach ! the mtximicimp ●mmunr d!
piver, thct ● tot~l Dj hap h?~n diverted ever
p.~~}s 1 throu~h j. Th- optiwml atrat~gv for th~
diverter ie determined from these value~. This
procedure finds the elobal maximum for th~ df-
vertor problem. Uhiie tht emoumr diverte~ must
be calculated in discrete qunntiti~~, thwe io
negli~lhle lops of accuracv if unite #r@ chooen
●ppropriately.
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